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Introduction 



In recent years there has been an intense activity integrating certain infinitesimal struc- 
tures, such as Lie algebroids [6] [9] and Loo-algebras |10j|llj. Here "integration" is meant 
in the same sense in which a Lie algebra is integrated to a corresponding Lie group. Both 
Lie algebroids and (non-positively graded) Loo-algebras are instances of NQ-manifolds — 
non- negatively graded manifolds equipped with a homological vector field (Def. II .8|) . In 
this paper we focus on actions: we study infinitesimal actions on NQ-manifolds and their 
integrations to global actions. 

We make the following elementary but important observation: While the infinitesimal 
symmetries of an ordinary manifold are controlled by a Lie algebra (the vector fields), 
the infinitesimal symmetries of a NQ-manifold KA are given by the differential graded Lie 
algebra (DGLA) of vector fields x(A4). Further, if KA is a NQ-n manifold^, its infinitesimal 
symmetries are controlled by sub-DGLA which is an (n + l)-term DGLA — a special kind 
of Lie (n + l)-algebra. This implies that some kind of Lie (n + l)-group naturally plays the 
role of the global symmetries of KA. 

An instance of this is given by the theory of Courant algebroids, which were a source 
of motivation for this work. Indeed Courant algebroids are equivalent to a special class 
of NQ-manifolds (symplectic NQ-2 manifolds |22]). and actions on Courant algebroids are 
realized by more data than just a Lie group action, as showed in |4]. 

In this paper we consider the simplest case n = 1, that is, NQ-1 manifolds, which in 
ordinary differential geometry language are just Lie algebroids. We saw above that the 
infinitesimal symmetries of NQ-1 manifolds are given by 2-term DGLAs. The latter are also 
known as strict Lie 2-algebra9Q (Def. II. 14[) . and they are equivalent to crossed modules of 
Lie algebras. The integration of a strict Lie 2-algebra is a strict Lie 2-group. Hence strict 
Lie 2-groups control the global symmetries of an NQ-1 manifold. 

A strict (infinitesimal) action (Def. II . 15[) on an NQ-1 manifold KA is a morphism of 
strict Lie 2-algebra 

L^ X (M). 

In §2.31 we define the notion of integration of such an infinitesimal action (Def. 12. 13ft and 
we find the integrating action explicitly (Thm. I2.15[ Thm. I2.16[ and Prop. 12. 17ft : it is an 
action 

Q xT^I 

which we describe explicitly, where Q is the strict Lie-2 group integrating L and V is the Lie 
groupoid integrating the Lie algebroid corresponding to KA. 

More in detail, a strict action of L on KA gives rise to a "action double Lie algebroid", 
which we integrate to an "action double Lie groupoid". This is a major step, as there are no 
general statements in the literature which allow to integrate double Lie algebroids to double 
groupoids. From the "action double Lie groupoid" we extract the action Q x T — > T. This 
gives a conceptual explanation for the results obtained in a special case by Cattaneo and 
the first author (8j Thm. 14.1]. Notice that the integrated action is not on KA, but rather 

1 This means that its coordinates are concentrated in degrees 0, . . . , n. 
2 For a general study of Lie 2-algebras please see Baez et al. [2]. 
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on the its integration T. 

Organization of the text: SQ] defines NQ-manifolds, strict Lie 2-algebras, and the notion 
of strict action. The purpose of $2] is to integrate such strict actions. We introduce the 
formalism of Mackenzie's doubles, apply it to the integration of strict Lie 2-algebras (a toy 
example), and finally we integrate strict actions in §2.31 In $3] we give examples of Lie 2- 
algebra actions on tangent bundles, cotangent bundles of Poisson manifolds and Lie algebras. 

Notation and conventions: M always denotes a smooth manifold. For any vector bundle 
E, we denote by E[l] the N-manifold obtained from E by declaring that the fiber- wise linear 
coordinates on E have degree one. If Ai is an N-manifold, we denote by C(A4) the graded 
commutative algebras of "functions on A4". By x(A4) we denote graded Lie algebra of vector 
fields on A4 (i.e., graded derivations of C(M)). 

The symbol A always denotes a Lie algebroid over M. When A is integrable, we denote the 
corresponding source simply connected Lie groupoid by T, and its source and target maps 
by s and t. We adopt the convention that two elements x, y € F are composable to x o y iff 
s(x) = t(y). We identify A = (ker s*)| M - 
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1 Infinitesimal actions 

This section introduces NQ-manifolds ( 31-ip and infinitesimal actions of Lie-2 algebras 
on them ( § 1 . 2 () . The integration of these infinitesimal actions is the main object of this 
paper. 

1.1 Background on graded geometry 

We start by recalling some background material on graded geometry. In §1.1.11 we 
consider degree 1 N-manifolds, which correspond simply to vector bundles. Then §1.1.21 we 
endow them with a homological vector field, obtaining Lie algebroids. 

The reason why we describe classical geometric objects using graded geometry is that 
the latter framework allows to describe the classical structures and their symmetries in a 
natural way, namely in terms of vector fields. Further, since graded geometry is defined in 
terms of sheaves, this framework allows to make use of (graded) local coordinates. 
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1.1.1 N-manifolds 



The notion of N-manifold ("N" stands for non-negative) was introduced by Severa in 
[23j [24] . Here we adopt the definition given by Mehta in |19[ §2]. Useful references are also 
® §2][7]. 

If V = ffij<o^i is a finite dimensional Z < Q-graded vector space, recall that V* is the 
Z>o-graded vector space defined by (V*)i = (V-i)*. We use S'(V*) to denote the graded 
symmetric algebra over V*, so its homogeneous elements anti-commute if they both have 
odd degree. S'(V*) is a graded commutative algebra concentrated in positive degrees. 

Ordinary manifolds are modeled on open subsets of W 1 , and N-manifolds modeled on 
the following graded charts: 

Definition 1.1. Let V = ®i<o^ be a finite dimensional Z<o-graded vector space. 
The local model for an N-manifold consists of a pair as follows: 

• U C M n an open subset 

• the sheaf (over U) of graded commutative algebras given by U' i-> C°°(U') <g> S'(V*). 
Definition 1.2. An N-manifold M consists of a pair as follows: 

• a topological space M (the "body") 

• a sheaf Om over M of graded commutative algebras, locally isomorphic to the above 
local model (the sheaf of "functions") . 

We use the notation C(AA) := Om{M) to denote the space of "functions on By 
Ck(M) we denote the degree k component of C(A4), for any non-negative k. The degree of 
the graded manifold is the largest i such that V-i ^ {0}. Degree zero graded manifolds are 
just ordinary manifolds: V = {0}, and all functions have degree zero. 

Definition 1.3. A vector field on A4 is a graded derivation of the algebrsH C(A4). 

Since C(A4) is a graded commutative algebra (concentrated in non-negative degrees), 
the space of vector fields x(M), equipped with the graded commutator [—,—], is a graded 
Lie algebra (see Def. 1 1 . 9[) . 

All N-manifolds in this note arise from graded vector bundled, as follows: 

Example 1.4. Let F = ®i<o-^i — > M be a graded vector bundle. The N-manifold associated 
to it has body M, and Om is given by the sheaf of sections of S*F*. 

We will focus mainly on degree 1 N-manifolds, which we now describe in more detail. 
To do so we recall first 

3 Strictly speaking one should define vector fields in terms of the sheaf Om over M. However we will 
work only with objects defined on the whole of the body M, hence the above definition will suffice for our 
purposes. 

4 Actually it can be shown that every finite dimensional N-manifold is (non-canonically) isomorphic to 
one arising from a graded vector bundle. 
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Definition 1.5. Given a vector bundle E over M, a covariant differential operatox\ (CDO) 
is a linear map Y : T(E) — > T(E) such that there exists a vector field Y_ on M (called 
symbol) with 

n/ • e) = Z(/)e + / • y(e), for / G C°°(M), e G r(£). (1) 

We denote the set of CDOs on E by CDO(E). If F G CDO(E), then the dual Y* G 
CDO(E*) is defined by 

(r*(0,e) + (£,Y(e))=y(<£,e>), for all e G r(£), £ G r(£*)- (2) 

Recall that if — > M is a (ordinary) vector bundle, E[l] denotes the graded vector 
bundle whose fiber over x G M is (£ , x )[l] (a graded vector space concentrated in degree 

-1). 

Lemma 1.6. If E — >■ M is a vector bundle, then A4 := E[l] is a degree 1 N-manifold with 
body M , and conversely all degree 1 N -manifolds arise this way. 
The algebra of functions C(A4) is generated by 

C {M) = C°°{M) and Ci{M) = T(E*). 

The C{M)-module of vector fields is generated by elements in degrees —1 and 0. We 
have identifications 

X-i(M) = T(E) and X o(M) = CDO(E*) 

induced by the actions on functions. Further the map Xo(-A^) — CDO(E) obtained dualizing 
CDOs is just Xq i—t- [Xq, ■] (using the identification X-i(A / () = T(E) ). 

The proof of Lemma 11,61 is given in Appendix IA.ll 

Remark 1.7. Let us choose coordinates {xf\ on an open subset U C M and a frame {e a } 
of sections of E\xj. Let be the dual frame for E*\u, and assign degree 1 to its ele- 

ments. Then {xi,£ a } form a set of coordinates for Ad := E[l] (in particular they generate 
C{A4) over U). The coordinate expression of vector fields is as follows. x_i(.M) con- 
sist of elements of the form f a -^s, an d Xo(-M) of elements of the form g%-^r. + f a p£ a ~ggp- 
Here f a ,9i,fap & C°°(M), for i < dim(M) and a, f3 < rk(E), and we adopt the Einstein 
summation convention. 

1.1.2 NQ-manifolds and Lie algebroids 

We will be interested in N-manifolds equipped with extra structure: 

Definition 1.8. An NQ-manifold is an N-manifold A4 equipped with a homological vector 
field, i.e. a degree 1 vector field Q such that [Q, Q] = 0. 

To shorten notation, we call a degree n NQ-manifold a NQ-n manifold. 

Before considering x(A'f), we recall the notion of differential graded Lie algebra (DGLA): 

Definition 1.9. A graded Lie algebra consists of a graded vector space L = @i^zLi together 
with a bilinear bracket [•,•]: L x L — > L such that, for all homogeneous o, b, c G L: 

5 Also known as derivative endomorphism, see [131 §1]. 
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- the bracket is degree-preserving: [Li,Lj] C L%-\-j 

- the bracket is graded skew-symmetric: [a,b] = — (— l)l a IH [b, a] 

- the adjoint action [a,-] is a degree \a\ derivation of the bracket (Jacobi identity): 
[a,[b,c}} = [[a,b],c] + (-l)\ a W b \[b, [a,c]} . 

A differential graded Lie algebra (DGLA) (L, [•, -],8) is a graded Lie algebra together with 
a linear 8 : L — > L such that 

- 8 is a degree 1 derivation of the bracket: 8 (Li) C and 5 [a, 6] = [8a, b] + 
(-l)l a l[a,56] 

- 8 2 = 0. 

Lemma 1.10. For a NQ-n manifold M, the space of vector fields 

( X (M),[Q, -],[--]) 
is a negatively bounded DGLA with lowest degree —n. 

Proof. The fact that [Q, — ] squares to zero follows from [Q, [Q, —]] = |[[Q, Q], — ] = 0. The 
fact that [Q, —] is a degree 1 derivation of the Lie bracket follows from the Jacobi identity. 
So the above is a DGLA. 

A vector field on M has local expression ^ifij^p, where f G C(M) and y^s are 
local coordinates on M. The degree 

of j|_ i s -deg(yi). Since deg(yt) E {0, . . . ,n} we are 
done. □ 

Remark 1.11. As a C(A4)-module, x(.M) is generated by its elements in degrees — n, . . . ,0. 
This suggests that the most important information is contained in following the truncated 
DGLA (a sub-DGLA of x(M)): 

X-n(M)®---® X -l(M)(Bx$(M) ) (3) 

where 

X$(M):={X e X o(M):[Q,X]=0}. 
A well-known example of NQ-manifolds is given by Lie algebroids )17| . 



Definition 1.12. A Lie algebroid A over a manifold M is a vector bundle over M, such 
that the global sections of A form a Lie algebra with Lie bracket [•, -]a and Leibniz rule 
holds 

[XJY] A = f[X,Y] A + P (X)(f)Y, X,Y e T(A),f G C°°(M), 
where p : A — > TM is a vector bundle morphism called the anchor. 

The following is well known (|26j. see also |12|): 

Lemma 1.13. NQ-1 manifolds are in bijective correspondence with Lie algebroids. 



We describe the correspondence using the derived bracket construction. By Lemma 
11.61 there is a bijection between vector bundles and degree 1 N-manifolds. If A is a Lie 
algebroid, then the homological vector field is just the Lie algebroid differential acting on 
T(AM*) = C{A[l\). Conversely, if (M := A[1],Q A ) is an NQ-manifold, then the Lie 
algebroid structure on A can be recovered by the derived bracket construction |12[ §4.3]: 
using the identification X-i(M) = T(A) recalled in Lemma ll.6( we define 

[a, a'] a = [[Qa, a) > o!] , p{a)f=[[Q A ,a],f], (4) 

where a,a' G F(A) and / G C°°(M). 

In coordinates the correspondence is as follows. Choose coordinates x a on M and a 
frame of sections e% of A, inducing (degree 1) coordinates £j on the fibers of A[l]. Then 

where [ei,ej] A = c ij( x ) e k an d the anchor of ej is pf(x)-^-. 

Viewing Lie algebroids as NQ-manifolds proves to be very valuable. For example, the 
definition of Lie algebroid morphism A —> A' is quite involved, but in terms of NQ-manifolds 
it is simply a morphism of N-manifolds from A[l] to A'[l] (i.e., a morphism of graded com- 
mutative algebras C(A'[1]) — > C(A[1])) which respects homological vector field. Similarly, 
the notion of double Lie algebroid is quite involved, but it simplifies once expressed in terms 
of homological vector fields (Def. 12. 5p . 

1.2 Strict Lie 2-algebra actions on NQ-1 manifolds 

In this subsection we define strict Lie 2-algebra actions on NQ-1 manifolds in £11,2.11 
Then in §1.2.21 we study actions from an ordinary differential geometry view point, that is, 
we view NQ-1 manifolds as Lie algebroids and describe the action by ordinary differential 
geometry data. 

1.2.1 Definition of strict Lie 2-algebra action 

Definition 1.14. A strict Lie 2-algebra (in the sense of [2]) is a DGLA (see Def. II. 9ft 
concentrated in degrees —1 and 0. 

Concretely, a strict Lie 2-algebra can be described as follows. It is given by f)[l] © q 
(where f),g are ordinary vector space) together with a Lie algebra structure on q, a left 
g-module structure on f) (both of which we denote by [■,•], and a linear map 5: f) — > Q 
satisfying <5kv,«;] = [v, Sw] for all v G Q,w G f). 

Definition 1.15. A strict action of a strict Lie 2-algebra f)[l] © q on an NQ-1 manifold Ai 
is a morphism of DGLAs 

p:i)[l]®Q^ X {M), 
i.e., a degree-preserving linear map preserving the differentials and Lie brackets. 
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The NQ-1 manifold Jvi is equal to A[l] for some Lie algebroid A, by Lemma 11.131 We 
spell out what Def. II, 151 means: we have maps 



fi\ m : f)[l] ^ X -i(A[l}) 
: -^Xo(-4[l]) 

such that 

fi(5w) =<1q(^l{w)) for all w G f)[l], (6) 
=d Q (fi(v)) for all v G 0, (7) 
fi[v , w] =[fi(v) , fi(w)] for all v 6 Q,w G fj[l], (8) 
/i[-L>i,u 2 ] =[/x(ui),/i(u 2 )] for all G 0. (9) 

Remark 1.16. By eq. ([6]), the image of the action map fi will be contained in the truncated 
DGLA X-i(-M)(BXo ( see e Q- ©)■ Hence Lie 2-algebra actions on .M can be formulated 
using only the truncated DGLA. 



1.2.2 DGLAs and Lie algebra crossed modules 

Let rj[l] © be a strict Lie 2-algebra. Recall that [w, uu']g := [Sw, w'\ makes f) into 
a Lie algebra, which we denote by \)$. Let A[l] be an NQ-1 manifold. Using the iden- 
tifications X-i(^.[l]) = L(A) and xo^Il]) — CDO(A) given in Lemma 11.61 we obtain a 
characterization of strict actions (Def. II . 1 5[) in terms of classical geometric objects. 

Lemma 1.17. Let \i : f)[l] ©0 —¥ x(-M) be a linear map. Then [i is a morphism of DGLAs 
iff 

• ji\ s : — > CDO(A) is an infinitesimal action of on A by infinitesimal Lie algebroid 
automorphisms, with the property that 5(w) acts as [n(w), -}a for all w G f) 

• t)s —> T(A) is a Lie algebra homomorphism which is equivariant w.r.t. the repre- 
sentation of ore f) by v i— > [v, ■] and the representation /i| of on T(^4). 

Proof. Assume that fx is a strict action. (j9j) means that /x| g is an infinitesimal action of 
on the vector bundle A, and ([7J means that the action is by infinitesimal Lie algebroid 
automorphisms . 

([6} means that 5w acts by [/i(w), -]a for all w G f), by the derived bracket construction. 
([8| means that //|(, is an equivariant map. 
Further //|(, is a Lie algebra morphism: 

fi[wi,w 2 ]8 = fi[5w 1 ,w 2 ] = \p(8w 1 ),fj,(w 2 )] = [[Q,fj,(wi)],fi(w2)] = \p>(wi), ^(w 2 )U, 

where the second equality holds by (|8]) and the third equality by (jSJ). 

The converse implication is obtained reversing the argument. □ 

The idea behind Lemma 11.171 is the concept of crossed module, which might be more 
familiar to the reader than strict Lie 2- algebras, even though they are equivalent concepts 
(see Prop EES]). 
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Definition 1.18. A crossed module of Lie algebras (f),0, 6, a) consists of a Lie algebra 
morphism 6 : f) — > and an (left) action of q on f) by derivations, i.e. a : Q — > -Der(b), such 
that 



where v G 0, w, w' G f). 

A classical result (see |2] Thm. 36]) is that 

Proposition 1.19. There is a one-to-one correspondence between strict Lie 2-algebras and 
crossed modules of Lie algebra. 

Since a similar construction will show up again in £12. 2[ we recall the correspondence: 
A strict Lie 2-algebras (L_i[l] © Lq, 5, [■, •]) gives rise to a Lie algebra crossed module with 
f) = L_i and g = Lq where 



for v,v' 6 g, w,w' £ f). The Jacobi identity of [•,•] gives the Jacobi identities of [-,-]h and 
[-, -] g and the remaining conditions for crossed modules. 

On the other hand, a crossed module (t),Q,8, a) gives rise to a strict Lie-2 algebra with 
L_i = fj, Lq = 0, 5 as a differential, and 



for t>,i/ € Lq, w,w' S L„i. The Jacobi identity of [•, •] is implied by the Jacobi identities of 
[•,•](, and [•, -] g and various conditions for crossed modules. 

Consequently, there is a 1-1 correspondence between DGLA morphisms and crossed 
module morphisms. Thus Lemma 11.171 basically explicitly tells us that given fi : f)[l] © 
— )> x{M) a linear map, then [i is a morphism of DGLAs iff (//|(,,/i| s ) is a morphism 
of Lie algebra crossed modules from the crossed module associated to F)[l] © to the one 
associated to the the truncated DGLA x-i( j 4[l]) © Xo(^4[l]) • F° r this, we only need 
to notice that the crossed module associated to x_i(A[l]) © xo( j 4[l]) < ^ by Lemma 11.191 is 
the quadruple given by (T(A), [•, -]a), the subset of CDO(A) consisting of infinitesimal Lie 
algebroid automorphisms, the morphism 5(a) = [a, -]a and the natural action of CDO(A) 
on T(A). 

2 Integration to global actions 

The purpose of this section is to integrate the infinitesimal actions introduced in Def. 
11.151 We do so using the framework of Mackenzie's doubles, which we review in §2.11 In 
£ 12,21 we display the objects integrating strict Lie 2-algebras, and in £ 32,31 - the heart of this 
paper - we integrate the corresponding strict actions. 

Recall that one can differentiate a Lie groupoid G\ ^ Go to obtain its Lie algebroid. 
This defines a functor from the category of Lie groupoids to the category of Lie algebroids, 
called Lie functor. We refer to the inverse process as "integration". 



5(a(v)(w)) = [v,5(w)] 



a(5(w))w' = [w,w]. 



[w,w\ := [5(w),w'] 
a(v)(w) := [v, w], 
[v,v'] s := [v,v] 




0, 

-[w, v] := a(v)(w) 



[v,w] 
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2.1 Background on Mackenzie's doubles 



In this subsection we recall the formalism of Mackenzie doubles and its extension by 
Mehta. We will use it in §2,21 and §2.3l to integrate strict Lie 2-algebras and their actions. 

Recall that one can apply the Lie functor to any Lie groupoid to obtain its Lie algebroid. 
Further, given a Lie algebroid, applying the degree shifting functor [1] one obtains an NQ-1 
manifold (Lemma II . 13|) . The formalism of Mackenzie doubles relates double Lie groupoids 
(see Def. 12. 2[) to three other structures obtained applying (horizontally or vertically) the 
Lie functor. This was extended by Mehta [IH] who applied (horizontally or vertically) the 
degree shifting functor [1] to obtain NQ-manifolds with additional structures. The situation 
is summarized in the following diagram taken from |19| : 



Double Lie groupoids 

£.A-groupoids 

[i] 

Q-groupoids 



Lien 



Lie 



Lie 



— >■ £„4-groupoids 

Lie 

Double Lie algebroids 
Q-algebroids 



■ Q-groupoids 

Lie 

Q-algebroids 
[i] 

Double Q-manifolds 



(10) 



Remark 2.1. In general it is not known whether the Lie functors appearing in the above 
diagram can be inverted. For instance, given a double Lie algebroid whose vertical Lie 
algebroids are integrable to Lie groupoids, it is not known if the integrating Lie groupoids 
form an £„4-groupoid. The following question is also open: does a £>4-groupoid for which 
the Lie algebroid structures are integrable arise from a double groupoid? Partial answers 
to this problem were worked out in |25| . 

The portion of diagram (|10p which is relevant to us is the following: 



Double Lie groupoids 



Lie H 



■ £„4-groupoids 

Lie 

Double Lie algebroids 



(11) 



Q-algebroids 



We define the objects appearing in it. We point out that Mehta |19] works entirely in the 
category of graded manifolds, whereas we want to assume that the double Lie groupoids 
appearing in ( llip consist of ordinary manifolds. This explain why our definitions below are 
more restrictive than those of |19j . 

Definition 2.2. Let StrLgd be the category of Lie groupoids with strict morphisma^l A 
double Lie groupoid is a groupoid object in StrLgd. A strict Lie 2-group is a group object 
in StrLgd. A strict Lie 2-group action is a group action in StrLgd. 

Definition 2.3. Let LA be the category of Lie algebroid and Lie algebroid morphisms. 
A CA-groupoid is a groupoid object in LA. An CA-group is a group object in LA. An 
CA-group action on a Lie algebroid is a group action in LA. 

6 That is, usual Lie groupoid morphisms. We will not make use of the notion of generalized morphism, 
i.e. Hilsum-Skandalis bimodule. 
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In plain English, an £„4-group is a Lie algebroid C endowed with an additional group 
structure. For example, there is a multiplication 

m:C xC 

which is a Lie algebroid morphism and satisfies the (strict) associativity diagram. There 
are also an identity morphism and an inverse morphism 

e : pt -> C, i:C^C, 

which satisfy the group axioms. If C is a Lie algebroid over N, then these axioms say 
exactly that both C and N are Lie groups, and C — > N is a group morphism, i.e. N has an 
induced group structure from C. 

Remark 2.4. A Q-groupoid is a groupoid object in the category of NQ-1 manifolds. We 
will not make use of this notion. By the correspondence between Lie algebroids and NQ-1 
manifolds (see Lemma fl . 13[) it is clear that £*4-group(oid)s correspond to Q-group(oid)s. 

Definition 2.5. A double Lie algebroid [15] is a double vector bundle 

D >- B (12) 

A >M 

such that both vertical sides and both horizontal sides are Lie algebroids, subject to certain 
compatibility conditions (see for instance |28[ §1]). By |28[ Thm. 1], the compatibility 
conditions are equivalent to the following condition. If we apply the [l]-functor to the 
vertical sides, to obtain a vector bundle of graded manifolds -D[1]a B[l], and then we 
apply again the [l]-functor to it, the resulting degree 2 graded manifold (Z>[1]^4)[1] will be 
endowed with homological vector fields encoding the Lie algebroid structures on D — > A 
and D — s> B; the condition is that these two vector fields commute. 

Definition 2.6. A Q-algebroid (201 Def. 4.22] is a Nl-algebroicfl [201 Def. 4.1] A -> M 
with a homological vector field Q which is morphic |20| Def. 4.14]. A Q-algebroid for which 
A4 is a point is called a Q- algebra. 

Q- algebras are exactly the same thing as strict Lie 2- algebras, as we will show in Lemma 

EH 

Definition 12.61 needs some explanation. An Nl-vector bundle^ |20[ Def. 2.1] £ — > M 
consists of two degree 1 N-manifolds and a surjection between them, subject to a trivial- 
ization condition. A section |20[ Def. 2.4] is just a map of N-manifolds s: M — > £ (not 
necessarily degree-preserving) which composed with the projection equals Id_M- A Nl- 
vector bundle £ — > Ai, endowed with a (degree preserving) morphism from T(£ ) —¥ x(M) 
and bracket T(£)xT(£) —¥ T(£) satisfying the graded Leibniz rule and Jacobi identity, forms 
a Nl-algebroid |20( Def. 4.1]. An example )19[ Ex. 2.4.4] is given by the action algebroid 

7 Mehta refers to it as "superalgebroid" and allows for Z-graded manifolds. 

8 Mehta |20j refers to it as "super vector bundle" and allows for arbitrary Z-graded manifolds. In our 
notation, the prefix "Nl" refers to the category of degree 1 N-manifolds. 
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induced from a morphism of graded Lie algebras into x(.M), for A4 a degree 1 N-manifold. 
Graded Lie algebras concentrated in degrees —1 and are exactly the Nl-algebroids for 
which the base A4 is a point. 

A vector field on a Nl-algebroid A — s> A4 is morphic )20[ Def. 4.14] if it is linear in 
on the fibers (in the sense that its action on a function linear on the fibers is linear again) 
and, viewed as a vector field on -4[1], it commutes with Qj±. Here Qa is the homological 
vector field on ^4[1] which, by virtue of |20[ Thm. 4.6], encodes the Nl-algebroid structure 
on A ->■ M. 

2.2 Integrating strict Lie 2-algebras: £.4-groups and 2-groups 

In this subsection we describe the objects that integrate a strict Lie-2 algebra (Def. 
I1.14p . namely strict 2-groups (Def. I2.2|) and £„4-groups (Def. 12 . 3|> . The idea is 

• §2.2. 1 1 show that strict Lie-2 algebras fit in the framework of diagram HI 1 [) 

• §2.2.21 chase back in diagram (jlip to obtain the integrating objects. 

2.2.1 What is an integration of a strict Lie 2-algebra? 

An integration of a strict Lie 2-algebra fj[l] © g is defined to be a strict Lie 2-group [3] 
whose corresponding crossed module differentiates to the crossed module corresponding to 
f)[l] ©0 (Lemma 09]). 

Here we provide an integration procedure by viewing a strict Lie 2-algebras as a Q- 
algebroiclf] (Lemma 12 . 8|) . This point of view has the advantage of providing a hint for what 
the right notion of integration of a strict action of a strict Lie 2-algebra should be (see Def. 

MB- 

Given a finite dimensional Z-graded vector space L, a DGLA structure on L can be 
encoded by means of a homological vector field Q on L[l] (see Def. 1 1 . 8|) . We recall the 
procedure to recover the DGLA structure on L from Q; it is a special case of Voronov's 
higher derived brackets construction |27[ Ex. 4.1]. We have 

Sv = [Q,l v ]\ and [vi, v 2 ]l = (-ly v ^[[Q, hi], h 2 ]\o 

where \v\ is the degree of v £ L, t v is the induced constant vector field on L[l], and "|o" 
denotes the evaluation at the origin in L[l]. 

Remark 2.7. To make things more explicit, we express the above construction in coordinates. 
If {ej} is a basis of L and £ J are the corresponding coordinates on L[l], then Q is at most 
quadratic: 

Q = Qs + Q br = (eQ k i + \eeQ k i^j -J^ (13) 

where we denote by Qs and Qb r respectively the linear and quadratic component of Q. One 
has 

6ei = (-l) |eil Q?e fe and [*, &j ] L = (-lp l Q^e k . (14) 
9 Equivalently we could view strict Lie 2-algebras as double Q-manifolds or as double Lie algebroids. 
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Lemma 2.8. There is a bijection between strict Lie 2-algebras and Q-algebras, given by 

(L,[;-] L ,6) ^ (L,[;-] L ,-Q S ). 



Proof. Recall from Def. I2.6l tliat a Q-algebra is a graded Lie algebra concentrated in degrees 
— 1 and 0, together with a morphic vector field. 

Let (L, [-,-]i,5) be a strict Lie 2-algebra. All three of Qbr, Qs an d Qbr + Qs are self- 
commuting, because by the derived bracket construction they define Loo-structures on L 
(namely the graded Lie bracket [•, the differential 5, and the DGLA structure). In 
particular Qs is a linear homological vector field on L[l]. Further 

[Qbr + Qs, Qbr + Qs] = [Qbr, Qbr] + [Qs, Qs] + 2[Qbr, Qs] 

implies that [Qbr,Qs] = 0, that is, Qs is a morphic vector field. Clearly —Qs is also a 
morphic vector field, so (L, [•, —Qs) is a Q-algebra. Reversing the argument we see that 
all Q-algebras arise this way. □ 



2.2.2 Integrating the strict Lie 2-algebra 

Let f)[l] © g be a strict Lie 2-algebra. By Lemma 12.81 we can view it as a Q-algebra. In 
this subsection we argue that it lies in the image of the functors appearing in the diagram 
(fTTj). as follows© 



(H x G) =t G 



Lie t 



(f> x G) -> G 

Lie 



(15) 



(b[l] x fl> -Qa). 



Recall that the integration of the strict Lie 2-algebra f)[l] © g is by definition the strict Lie 
2- group in the upper left corner. 

We describe the structures appearing in diagram (|15p . in particular the strict Lie 2-group 
in the upper left corner. The strict Lie 2-algebra fj[l] ©g corresponds to the crossed module 
of Lie algebras (g, t)§, 8, a) (Lemma II. 19ft . where t)s denotes the Lie algebra structure on the 
vector space f) with bracket [wi,iU2]<S := [Sw\, W2] and a(v) = [v, ■] for v G g. Consider the 
quadruple© (G, H,t,<f>). Here H and G are the simply connected Lie groups integrating [)s 
and g, the map t : H — > G is the Lie group morphism integrating 6, and the left action <f) of 
G on H (by automorphisms of H) is obtained integrating the infinitesimal action (by Lie 
algebra derivations) a. 

• Strict Lie 2-group (H x G) G: The Lie 2-group© is as follows. Its Lie groupoid 
structure is the action groupoid of the H action on G via hg := t(/i) • g (so the target 
of (g, h) is given by t(h) ■ g and its source by g). The group structure on H x G is 

10 The notation is chosen so to describe the vertical (Lie group or Lie algebra) structures. The bottom 
horizontal sides of the double Lie groupoid, £^l-groupoid, etc appearing in diagram (|15[) are just points, so 
they are omitted. 

n This quadruple forms what is known as the crossed module of Lie groups integrating the above crossed 
module of Lie algebras. 

12 It is the Lie 2-group associated to a crossed module of Lie groups [3]. 
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the semidirect product structure by the action eft. Explicitly, and using the notation 
G, = {G\ =4 Gq) for the Lie 2-group, the group structure is given by 

m : Gi x Gi ->■ Gi, m((7ii,#i), (h 2 ,g2)) = {hi ■ 4>{gi){h 2 ), 5192) 

over the base map m (gi,g 2 ) = <7i52- 

• £.A-group (f) X G) 4 G: Its Lie algebroid structure is obtained by differentiating the 

Lie groupoid structure of the strict Lie 2-group G,, hence it is the transformation 

— >• 

algebroid of the infinitesimal action of t)s on G by w *— > 5w (the right-invariant vector 
field whose value at the identity is 8w). 

The group multiplication on f) x G is the Lie algebroid morphism corresponding to 
m : Gi x Gi — >■ Gi, i.e., (wi, gi)(w 2 , g 2 ) = (^1 + giw 2 , gig 2 ). In other words, the 
group structure on f) x G is the semidirect product by the action of G on the vector 
space f) obtained integrating a. 

• Double Lie algebroid (fj x g) -4 g: Notice first that applying Liey to the strict Lie 2- 

group above one obtains the Lie groupoid in the category of Lie algebras (\jg x g) zzj g. 
The Lie groupoid structure is the transformation groupoid of the action of the abelian 
Lie algebra f) on g which sends w S f) to the translation by 5w. 

Differentiating this Lie groupoid structure we obtain the Lie algebroid structure of 
our double Lie algebroid, which therefore^] is the transformation algebroid of the 
infinitesimal action of the abelian Lie algebra fj on g which sends w to the constant 
vector field 6w. 

The Lie algebra structure of our double Lie algebroid is obtained differentiating the 
Lie group structure of the £^4-group, so it is the semidirect product f) x g of the action 
a of g on the vector space (abelian Lie algebra) fj. Explicitly: i>i), (l«2> ^2)] = 

([VI,W 2 ] ~ [v 2 ,Wl] , [VI,V 2 ]). 

• Q-algebra (f) [1] © g, — Q$): Applying the functor [1]h to the double Lie algebroid we 

obtain the NQ-manifold (f) [1] © Q,—Qs)- (To see this, recall that the anchor of a 
transformation Lie algebroid is given by the corresponding infinitesimal action, and 
use eq. ([5]) and eq. (I14p .) It has the graded Lie algebra structure f)[l] X g. 

The latter Q-algebra structure is exactly the one corresponding to our original strict 
Lie-2 algebra by Lemma [2.81 Hence we obtain: 

Lemma 2.9. The integration of the strict Lie-2 algebra f)[l] © g is given by the strict Lie 
2-group {H x G) =4 G described above. 

Remark 2.10. As mentioned above, a strict Lie 2-algebra can be viewed as a Q-algebra, 
or equivalently as a double Lie algebroid, and the integration we perform in §2.2.21 is its 
integration to a strict Lie 2-group. 

13 Here we are using |16l Thm 2.3], which states that starting from a double Lie groupoid and applying the 
functors Lien oLiev or Liev o Lien, one obtains the same double algebroid up to a canonical isomorphism. 
The canonical isomorphism in our case is the identity on (j x $J. This follows from a simple computation 
(see the proof of [161 Thm 2.3]) representing each element (w,v) £ f) x o as second derivative of the map 
7: R 2 — )• H x G, 7(t, u) — (expt)(tuw), exp B (tv)). 
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Another instance of Lie 2-algebroid that fits into the framework of double Lie algebroids 
is given by a Courant algebroid A® A* arising from a Lie bialgebroid (A, A*). In this case, 
however, the integration of the corresponding double Lie algebroid via diagram fj 1 1 [) does 
not coincide with the integration of the Courant algebroid A © A*. The relation between 
the two integrations is not yet clear to us. 

2.3 Integrating strict actions: £*4.-group actions on Lie algebroids and 
2-group actions on Lie groupoids 

This subsection is the heart of the paper: we define the notion of global action integrating 
a strict action [i as in Def. Il,15[ and show that the global action exists. The idea is 

• §2.3. 1 1 show that the transformation algebroid of the action /i fits in the framework 
of diagram (jTTj) 

• §2.3.21 chase back in the diagram to obtain certain transformation groupoids, and 
describe the corresponding actions. 

The diagram of Mackenzie's doubles fll 1 1) . in the setup at hand, is displayed in fll9[) (it 
extends our previous diagram (|15p ). The various actions involved are displayed just before 
Thm. 12161 

We end this subsection with remarks on the integrated actions ( §2.3.3p . 
As earlier, we let fj[l] © Q be a strict Lie-2 algebra and A — > M a Lie algebroid (so A[l] 
is a NQ-1 manifold). 

2.3.1 What is an integration of a strict Lie-2 algebra action? 

The following proposition, which is an analogue to Lemma 12. 8| associates a Q-algebroid 
to the strict action \i. 

Proposition 2.11. Let fj [1] ffig be a strict Lie-2 algebra, A be a Lie algebroid. We consider 
a morphism of graded Lie algebras fi: fj [1] 0g — > x(^[l])- Then /x is a morphism of DGLAs 
(i.e. it respects differentials) iff the transformation algebroid of the action /i 

r M :=(&[!]© fl)[l]xA[l] (16) 



A[l], 

endowed with the homological vector field —Qs + Qa, is a Q-algebroid. Recall that Qs was 
defined in Remark \2. 71 and Qa encodes the Lie algebroid structure on A as in Lemma \ 1.131 

Proof. Denote L := fj[l] © Q. The vector field —Qs + Qa is homological and it is linear in 
the fibers. So, in order to show that it is morphic, we just have to show that, once we view 
it as a vector field on L[l] x A[l), it commutes with the homological vector field encoding 
the Lie algebroid structure of (116|) . The latter is Qt> r + Q action, where Qb r was defined in 
Remark 12.71 and Q ac tion is defined in eq. (jl 8[) below and encodes the action \x. 
To show 

[—Qs + Qa, Qbr + Qaction] = 0. (17) 
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we proceed as follows. 

Take bases {vi} of g and {w a } of f)[l] , whose dual bases induce coordinates rf on g[l] 
and P a of f)[2] (of degrees 1 and 2 respectively). 

If the differential on L is given by 5w a = D a iVi, then in coordinates 

Qs = -P a D ak ^. 

Further 

Qaction ■= rfniyi) - P a n(w a ) (18) 

encodes the L-action on A[l] 

We have [QA,Qbr] = 0, since the two vector fields are defined on different manifolds, 
and [—Qs,Qbr] = as shown in Lemma 12.81 Since 

[QA,Qaction] = ~rf[Q *A, fJ>(Vi)] ~ P a [QA,K w a)] 

and 

[~QS, Qaction] = P a D ak fi(v k ) = P a fl(5w a ) 

we conclude that (|17p holds iff [Qai fJ>(w a )] = /J,(5w a ) for all w a and [Qai ^( v i)] = for all 
Vi, which means that [i respects differentials. □ 

Remark 2.12. 1) Prop. 12. Ill together with diagram fjlO|) imply that 

((fj[l] X g)[l] X A[l] , Qs+Qa, Qbr + Qaction) 

is a double Q-manifold |28| . When the action \x is not necessarily strict (in the sense of 
|30j). the above is no longer a double Q- manifold. However in that case one can show |21] 
that the sum of the four above vector fields is still a homological vector field. This makes 
(|16p into an "action" Lie 2-algebroid. Thus the integration of the action should be encoded 
by the Lie 2-groupoid integrating this action Lie 2-algebroid. 

In the strict case, we will see below that the integration of the action is given by a 
double Lie groupoid (T$ in diagram (|19p ). Moreover in this case, unlike the case of Courant 
algebroids (see Remark l2.10p . there is a Lie 2-groupoid, obtained applying the Artin-Mazur's 
codiagonal construction [1] (see Remark 12. 19[) to T<j>, which is also to be considered an 
integration of the action. These two integrating objects are not exactly equivalent: the 
double Lie groupoid contains more information because the double Lie algebroid contains 
more information than the Lie 2-algebroid. 

2) )20[ Thm. 6.2], which is proved without the explicit use of coordinates, is a special 
case of Prop. 12.111 (namely, the special case we consider in Ex. 13. ip . 

Now assume that 



//:f>[l]0 -»• x(A[l]) 



is a strict action (Def. II . 15|) . i.e. a morphism of DGLAs. Prop. 12.111 allows to view the 
action /i in the framework of diagram (jlip . 

We make the following definitions of integration of (i. 
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Definition 2.13. The integration of the strict action fx above is either of the following 
actions: 

I) An £„4-group action \& of (f) xi G) — > G on A — > M such that applying the functor 
Liey to its transformation groupoid one obtains the Q-algebroid (I16p . 

II) A strict Lie 2-group action $ of (H x G) =i G on T zz£ M such that applying the 
functors Lie// and Liey to its transformation groupoid one obtains the Q-algebroid 
(|16p . (Here T M denotes the source simply connected Lie groupoid integrating A) 

Def. 12,131 requires some explanation. For a small category C with direct products, a 
group object G in C, and an object N in C, the transformation groupoid is G x N N 
as for usual Lie group action, and it is a groupoid object in C |25| Prop. 3.0.15]. The 
transformation groupoid appearing in I) is the one corresponding to the group action ty. 
As ^ is a group action in the category LA, the transformation groupoid is a groupoid in 
LA, (an £„4-groupoid) , and hence fits in diagram (II ip . The same reasoning, applied to the 
category StrLgd, holds for II). 

The situation is summarized in diagram (I19p in §2.3.2( which is the diagram of Macken- 
zie's doubles (ITTj) for the above transformation groupoids. 

Applying the vertical integration functor to a double Lie algebroid whose vertical struc- 
tures are transformation algebroids (such as the one associated to (|T6|) above), one expects 
to obtain an £.A-groupoid whose vertical structures are transformation groupoids. 

Unfortunately there are no general enough statements about the integration of double 
algebroids to £„4-groupoids or £„4-groupoid to double groupoids (see Remark 12. ip , so we 
can not "chase back" in diagram (jlip . but rather in §2,3.21 we have to check explicitly that 
the expected fact mentioned above is true for the double algebroid (I16p . 

Moreover our method has the advantage that it provides explicit formulae. 

2.3.2 Integrating the strict action 

Now we integrate the strict Lie 2-algebra action fiona Lie algebroid A to both a LA- 
group action on A and a Lie 2-group action on the source-simply connected Lie groupoid of 
A. 

By virtue of the identification of Remark IA.11 fi induces a Lie algebra morphism 

At: ft x g -» X (A). 

Here f) x q is the semidirect product of q and the abelian Lie algebra f), and agrees with 
the Lie algebra structure induced by the original graded Lie algebra structure on t)[l] © g. 
In other words, we have an infinitesimal action of the Lie algebra f) X g on A. Using this 
identification, w 6 f) maps to n(w) seen as a constant vertical vector field on A and v G 
maps to the infinitesimal vector bundle automorphism given by n(v). 

Assume that the infinitesimal action /2| fl : q — > x(A) is complete in the sense that the 
image of fi consists of complete vector fields. 

Then the infinitesimal action /i| g can be integrated to a Lie group action 

ij>: G x A -> A 
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of G on A, where G denotes the simply connected Lie group integrating q. Notice that tp 
acts by Lie algebroid automorphisms of A, as a consequence of Lemma 11,171 

Proposition 2.14. Consider the Lie algebroids A — >■ M and t) X G — > G (as in $2.2.2)) . 

The Lie group action on A obtained integrating the infinitesimal action fx is 

*: (f) x G) x A -)> A 

(w,g),a x ^ ?p{g,a x ) + n(w)\ gx 

where x 6 M and a x € • 

Further ^ is a Lie algebroid morphism. In other words, is an CA-group action. 

The proof of Prop. 12, 141 is given in Appendix IA.2I 

Integrating the Lie algebroid f) xi G — > G we obtain the strict Lie 2-group (H xG)^|G 
described in §2,2.2[ where H is simply connected. Assume that the Lie algebroid A — > M 
is integrable to a source simply connected Lie groupoid T. 

Theorem 2.15. Consider the Lie groupoids T M and the Lie 2-group (H x G) =t G. 
The Lie groupoid morphism 

$ : (H x G) x r ->• r 

integrating the Lie algebroid morphism ^ is a Lie 2-group action. 

In Prop. 12.171 we will give a description of the action <£. 

Proof. Notice that $ is a well-defined Lie groupoid morphism as its domain is source simply 
connected. 

We show that $ is a group action. Recall from ^2.2.21 that the group multiplication 
m: (H x G) x (H x G) — >■ (H x G) is the Lie groupoid morphism which integrates the 
multiplication rh on f) x G. Hence integrating both sides of the equality of Lie algebroid 
morphisms 

* o (rh x Id A ) = ^ o (Idf, xG x *), 
which holds because ^ is a group action, one obtains 

$ o (m x Jd r ) = $ o (IdjjxG x 

This shows that $ is a group action both at the level of objects and of morphisms, hence it 
is a Lie 2-group action. □ 

The various actions appearing in this subsection can are summarized in the following 
diagram: 







&[1]©0->X(A[1]) 








Integrate the Lie algebra action 




: (fj x G) x A -> A 


Integrate the Lie algebroid morphism 




: (H x G) x r -)■ r 
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Theorem 2.16. The actions $ and defined above are really integrations of fx in the sense 
of Def. \2.13\ I) and II) respectively. 

Proof. We consider the double Lie groupoid 7$ obtained by taking the transformation 
groupoid of the action $ and the CA-groupoid obtained by taking the transformation 
groupoid of the action Notice that T<j, is really a double Lie groupoid by Prop. |25[ 
Prop. 3.0.15] together with Thm. I2,15[ and is really an £„4-groupoid because of Prop. 
|25l Prop. 3.0.15] together with Prop. l2~Ml 

Further we consider the double algebroid consisting of the transformation algebroid 
of the action ft : ft x g — )• x(-A) an d of the g action on M obtained by restricting fi (vertically), 
together with A —¥ M and the transformation algebroid of the action of the abelian Lie 
algebra f) on g which sends w G ft to the constant vector field Sw (vertically): 

Tfi = (ft x S) x A x M 



A >■ M. 

Applying to the horizontal degree shifting functor [1]h we obtain (|16[) together with the 
homological vector field —Qs + Qa (see §2.2.2|) . Since by Prop. 12.111 it is a Q-algebroid, 
from Voronov's work ( |28| Thm. 1], see also |281 §3]) it follows in particular that is a 
really a double Lie algebroid. 

T$,T\j, and fit into the upper row of the following table. 

T$ = (H x G) x r > Gx M Ty = (ft x G) x A >. GxM 

Lie H 



M 



A- 



■ M 



Lie 



Tn = (f) X S ) X A 



gxM T„ = (f)[l] x g) x A[l] 



[1]h 



M 



A 
(19) 

We check that applying the functor Lie# to T$ we obtain T$. Clearly the horizontal Lie 
algebroid structures obtained this way are A — >■ M and its product with the Lie algebroid 
structure of the £.A-group ft x G — > G (see §2.2.2|) . The left vertical Lie groupoid structure 
is obtained applying Lien to the maps defining the vertical Lie algebroid structures in T<j>. 
It is the transformation groupoid for the action ^, since the Lie algebroid morphism ^ is 
obtained differentiating the Lie groupoid morphism 

Next we check that applying the functor Liey to Tq, we obtain Tn,. Since the vertical 
groupoids of T«j, are transformation groupoids for group actions (of ft x G and G respectively) , 



19 



applying the functor Liey we obtain the transformation algebroids of the corresponding 
infinitesimal actions, which by Prop. 12,141 are jl and the g-action on M respectively. The 
horizontal Lie algebroids in are the Lie algebroid A — >■ M and its product with the Lie 
algebroid structure on the £.4-group t) X G — > G. Since the application of the Lie functor 
to the vertical groupoids of does not affect their spaces of units (A and M respectively), 
as horizontal Lie algebroid structures we obtain again A — >• M and its product with the Lie 
algebroid structure of the double Lie algebroid f) x g — >• g (see §2.2.2|) . Altogether we obtain 
exactly Tn. 

Finally, we saw in the first part of this proof that applying to the horizontal degree 
shifting functor [1]# we obtain the Q-algebroid given in JTBJ. 

From this we conclude that \l/ and $ are integrations of the action [i in the sense of Def. 
12,131 1) and II) respectively. □ 

It is abstract to define the Lie 2-group action $ in Thm. 12,151 as the integration of the 
strict action fi we started with. Now we give an explicit description of <F 

Proposition 2.17. The Lie 2-group action <I>: (H x G) x V — > T can be described in terms 
of jl as follows: 

a) g € G acts by the Lie groupoid automorphism ofT which integrates the Lie algebroid 
automorphism ip(g, ■) of A, where if; denotes the Lie group action of G on A obtained 
by integrating the Lie algebra action /2| fl : g —¥ x(-A). 

b) the Lie group action of H onT is obtained integrating the Lie algebra action 



where for any section s of A = (ker s*)|jvf we denote by s its extension as a right 
invariant vector field on T. 

Since a general element of H x G can be written as (h, g) = (h, e)(e, g), this gives a complete 
description of the action 

Proof, a) Fix g € G. Consider <&((e, <?),•) : r — > T. Its derivative restricted to (ker s*)|m — 
A is ^((0, <?),•) = ip(g, •)■ A — > A, since $ is the Lie groupoid morphism integrating the Lie 
algebroid morphism ^f. 

b) Let w G f), denote by W the corresponding vector field on V induced by the action 
<J>, and let h(t) := expt )s (tw) £ H. For any m G M we have 



so W\m = P'i'w)- We want to show that TV is a right-invariant vector field, i.e., that if 
x,y € r are composable elements then (Ry)*W x = W xoy , where o denotes the groupoid 
composition on V. Since <I> is a Lie groupoid morphism (Thm. 12.15ft and the elements 
(h(t),e) and (e,e) of the groupoid H x G are composable, we have 



and since ^((e, e), y) = y applying the time derivative at t = we obtain exactly (Ry)*W x = 



f)<5 X ri9ht (T),w i->- fx(w) 



W m = -| *((/»(t),e),m) = $(Ke 



),0 m ) = fi{w) 



$(((h(t),e),x)) o *((e,e) 9l /) = $((h(t),e),xo y) 




□ 
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Remark 2.18. Prop. 12.171 allows also to describe the Lie algebra action on T corresponding 
to the Lie group action It maps v € to the multiplicative vector field on T which 
corresponds to the vector field fi(v) on A. It maps w £ f) to fi{w). This shows that the 
action $ coincides with the action constructed in j8j §11.2] in the special case where A is 
the Lie algebroid of a Poisson manifold. Notice that the action of §11-2] was constructed 
"integrating" (see diagram in the proof of Thm. 12. 16[) first horizontally and then vertically, 
while we constructed $ "integrating" in the opposite order. 

2.3.3 Lie 2-groupoids and principality of the integrated action 

First, we make a remark on the integration of the Lie 2-algebroid (j 1 6 [) . This is the point 
of view that should be generalized to integrate non-strict actions (in the sense of [30j). 

Remark 2.19. We describe the strict Lie 2-groupoid integrating the Lie 2-algebroid (|16p . 
obtained by applying the Artin-Mazur's codiagonal construction to the double groupoid 
T$ appearing in (fT9|) . A strict Lie 2-groupoid is a groupoid object in the category of 
Lie groupoids whose space of objects (object-groupoid) is just a manifold. Our strict Lie 
2-groupoid has as space of objects M (the base of ^4), as object space of the morphism- 
groupoid (space of 1-arrows) GxT, and as morphism space of the morphism-groupoid (space 
of 2-arrows) H x G x T. The space of 2-arrows is a Lie groupoid over the space of 1-arrows 
with source and target defined by 

s(h,g, 7 ) = (5,7), t(h,g, 7 ) = (<5(%,<I>(^- 1 )(/ 1 - 1 ),1,7)), 

and groupoid multiplication •„ (vertical product) defined by 

(h,g,j) -v (ti,g',j') = {hh',g',jj'). 



(9.7) 




(9.7) 



X h 



{8{h')g>M<f>{g>-^)(h>-^)Xl')) 



Moreover, there are two maps to, so : G x T — > M defined by So(g, 7) = sr(7) and 
to(flS7) = VK5)tr(7)) via the source and target of T (denoted as x and y respectively in the 
above picture), so that we define the horizontal multiplication 



(H x G x r) x SOSO)Jkf , toto (HxGxT) 



H xGxT 



(G x r) x S0 ,M, t0 (G x r) 



GxT 



by 



(/ii,3i,7i) -h (^2,52,72) = {hi4>(gi){h 2 ), 5ig 2 ,$(l,5 2 1 >7i)72), 

(5l,7l) -h (52,72) = (9192, $(1,52 7l)72)- 
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(Sl,7l) 



(92,72) 



(g 1 g 2 ,<S>(l,g 2 1 ,7i)72) 




qaX 1 y 




t(/ii,9i,7l 



t(/i2,92,72) 



{5{h 1 )g 1 5{h 2 )g 2 M'f>{{gig2)- 1 ){{h 1 <i>(g 1 ){h 2 ))- 1 )Xl) 



It is routine to verify that is a groupoid morphism. Thus these data define a strict Lie 
2-groupoid. It is obvious that this Lie 2-groupoid differentiates to the Lie 2-algebroid f 1 1 6 [) . 
This Lie 2-groupoid can thus be interpreted as the "action'-groupoid of the action 

Next we remark that, under certain assumptions, the above action <3? in Theorem 12.151 
defines a principal 2-group bundle (over a manifold N) in the sense of Wockel |29[ Def. 

I. 8]. One reason why principal 2-group bundles are interesting is the following |29[ Rem. 

II. 11]: when the Lie 2-group Q corresponds to a crossed module of Lie groups of the form 
(H,Aut(H),d,4>), where H is a Lie group and d: H — > Aut(H) is given by conjugation, 
then principal £/-2-bundles define gerbes over N |14| . 



Proposition 2.20. Let <J>: (H x G) x V — > T be a Lie 2-group action such that both the 
G-action on M and the H x G-action on T are free and proper with the same quotient 
N := M/G = T/(H x G). Then the action $ makes 

rAiv 



into a principal Q-2-bundle. 

Proof. A special case of the the above statement is Prop. 4.2]. Its proof carries over 
literarily to the present case, after one checks that the projection V — > T/(HxiG) = N is a Lie 
groupoid morphism. The latter fact follows easily since the action map $ : (H x G) x T — » V 
is a Lie groupoid morphism. □ 



3 Examples 

In this section we display classes of examples of Lie 2-algebra actions on NQ-1 manifolds 
(see §1.2p and of the integrated actions (see £ 32. 3D . 

The starting data for the first example is just a bracket-preserving map of a Lie algebra 
into the sections of a Lie algebroid. 

Example 3.1. [q acting on ^4] Let q be a Lie algebra, A —¥ M a Lie algebroid and rj: q — > 
{T(A), [•, -}a) a Lie algebra morphlsnS Then (A[1],Q := Q A ) is an NQ-1 manifold by 
Lemma ll,13| and 

n- g[i]®g^x(A[i]) 

(w, 0) \->rj(w) 
(0,5w) ^[Q,n(w)\ 

is a morphism a DGLAs. Here g[l] ©g denotes the strict Lie-2 algebra with 5 = Ld s and [■, •] 
given by the Lie bracket on q and its adjoint action. Further we view i](w) as an element 
of X -i(A[l])<*T(A). 

14 In gSl Def. 6.1] this is called A-action of g on M. 
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The following example is a special case of Ex. 13. II for which we can write down explicitly 
the integrated action <E>. 

Example 3.2. [g acting on TM] Let G be a Lie group and f] an action of G on a manifold 
M (which for simplicity we take to be simply connected). It is immediate that the product 
action 

(G x G) x (M x M) — >(M x M) (20) 
{91,92), (mi,m 2 ) ^(gim 1 ,g2m 2 ) 

is a Lie 2-group action, where all the Lie groupoids appearing are pair groupoids. 

We show how to recover this Lie 2-group action from infinitesimal data. Let g be the 
Lie algebra of G, and r}\ g — > x(-^0 the infinitesimal action corresponding to f] (that is, a 
Lie algebra morphism g — > (T(TM), [•, -]tm))- By Ex. 13. II we obtain a (strict) morphism of 
DGLAs [i: g[l] © g — > x(^[l]M). It induces a Lie algebra morphism 

(w, 0) i-Hy^) 
(0,5w) ^(r](w)) T . 

Here g a ^ denotes the vector space underlying the Lie algebra g and the first ij(w) is viewed 
a vector field tangent to the fibers of TM — >• M. The tangent lift (r)(w)) T of the vector 
field r)(w) on M appears since it agrees with the element [[Q, r](w)], ■] = [Tj(w), -]tm of 
CDO(TM) (see Lemma f 1 . 6|) . By Prop. 12. 171 this integrates to the Lie 2-group action 

$:(GxG)x (M x M) ->(M x M) 

(mi,m 2 ) ^■(hgm 1 ,gm 2 ). 

Under the isomorphism of Lie 2-groups (over /(ic) 

G x G = G x G, (h,g)^(hg,g) 

to the pair groupoid G x G^G, this action corresponds to (I20p . 

Example 3.3. [Actions on T*M] Let f)[l] © g be a strict Lie-2 algebra and (M, 7r) a Poisson 
manifold. Since T*M is a Lie algebroid, (M,Q) := (T*[1]M, [n,-]s) is a NQ-1 manifold, 
where [■, -]g denotes the Schouten bracket of multivector fields. 

In [U §8,9] Cattaneo and the first author consider a morphism of DGLAs of the form 

f)[l]®B^X-i(M)exo(M) (21) 
(w,v) X Jo * w + X Jl * v 

where (Jo, Ji) : A4 — > (f)[l] © fl)*[l] is a Poisson (moment) map, and discuss its reduction. 

When f) = g and the differential is /<i , the morphism (12 ip is recovered from our Ex. 13.11 
with A = T*M and 77: g — >■ r(T*M),w — >■ — cI(Jqv). Notice that in this case, as pointed 
out in [U Ex. 15.2], the morphism (l2~Tj) is equivalent to an ordinary Hamiltonian 

action of g on (M, 7r). 

Given a Lie group, we see that the conjugation and adjoint actions fit into our framework: 
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Example 3.4. [Adjoint action] Let g be a Lie algebra and consider the DGLA morphism 

M : 8 ->"X(fl[l])i 

where t„ is the (constant) vector field corresponding to v under g = and Q is 

the homological vector field on g[l]. We now show that diagram (jl9[) about transformation 
groupoids/algebroids applied to this example is the following: 

Transf. groupoid of conjugation — - — 5- Transf. groupoid of Ad 

Lie 

Transf. algebroid of ad. 
The Lie algebra action on g corresponding to fi reads 

jl = ad: g — > End(g) C v >->■ ad v 

by Lemma 11.61 Integrating this Lie algebra action we obtain essentially the adjoint action 
of G on g. More precisely we obtain the Lie algebroid morphism (see Prop. 12 . 14[) 

= Ad: (G -> G) x ( -> {pt}) -> (g 

Integrating this Lie algebroid morphism, by Prop. 12.171 a) we obtain the action of G on 
itself by conjugation, or more precisely, the Lie 2-group action 

$ = conjugation: (G =t G) x (G =4 {pi}) ->• (G =4 {pi}). 

A Appendix 

In this appendix we prove two statements presented in the main body of the paper. 

A.l Proof of Lemma 11.61 

Proof of Lemma 1 1.6\ . By Example 11.41 

T{S'(E*[-1])) = T{A'E*) (22) 

is a sheaf over M making M := E[l] into a degree 1 N-manifold. On the right hand side 
appears the ordinary exterior product of the vector bundle E*, and elements of A k E* are 
assigned degree k. 

Conversely, let M be a topological space and Om a sheaf of graded commutative algebras 
over M as in Def. 11.21 defining a graded manifold M! . Then M must be a smooth manifold 
and the degree 1 elements of Om form a locally free module over G°°(M), hence sections of 
a vector bundle, whose dual we denote by E. From Def. 11.11 we conclude that A4' = E[l]. 

From Def. II. H it is clear that C(Ai) is generated (as a graded commutative algebra) by 
its elements of degree and 1. By eq. {22]) we have C (M) = G°°(M) and C X (M) = T(E*). 

A vector field on A4, since it is a graded derivation, is determined by its action on 
functions of degree and 1. Let /o,5o £ Cq(M) and fi,gi € C\{M). If X_i € X-i(-M), it 
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maps Cq(A4) to zero and maps C\(M) to Cq(A4). Hence the graded derivation property is 
simply 

X-i(fogi) = / X_iOa), (23) 

so the action of X—\ on Y(E*) is C°°(M)-linear, i.e. given pairing with a section of E, and 
we conclude that X—l{M.) = Y(E). 

If Xo G Xo(-M)> then the action of Xq preserves Cq{M) as well as C\(M). The graded 
derivation property on generators reads 

Xvifogo) = X (fo)g + f X (g ), X (f m ) = f X ( 9l ) + X (f ) 9l . 

The first equation tells us that Xq\m, defined restricting the action of Xq to Cq(A4), is a 
vector field on M, and altogether we conclude that Xq is a covariant differential operator 
on E* with symbol X \ M . Hence Xo (M) = CDO{E*). 

The canonical identification CDO{E*) = CDO(E) obtained dualizing CDOs sends Xq G 
Xq(M) = CDO{E*) to [X ,-] G CDO(E) (using the identification x~i{M) = Y(E)). 
Indeed eq. ([2j) applied to Y* = Xq reads 

X^(X (0) + [*o,*-i](0 = X (X^(O) 

for all X_i 6 X-l(-M) = ?(E) and f € Ci(M) = Y(E*). □ 

Remark A.l. Consider again a vector bundle E —?■ M and = In Lemma 11.61 we 

saw that Cq{M) = C°°(M) and that Ci(A4) agrees with the fiber- wise linear functions on 
£/. 13 Lemma 8.7] states that this induces a canonical, bracket preserving identification of 
vector fields 

X_i(-E7[l]) ={vertical vector fields on E which are invariant under translations in the fiber direction } 
Xo(-E"[l]) —{vector fields on E whose flow preserves the vector bundle structure}. 

A.2 Proof of Prop. EH 

Proof of Prop. \2.14\ Checking that ^ is really a group action is a straight-forward compu- 
tation that uses 

ip(g, (fi(w)) x ) = (n(gw)) gx for all g G G, w G f), x € M, 

which is just the equivariance of /xk: \) — > X-i( J 4) = T(A) with respect to the G actions 
on f) and on the vector bundle A. The infinitesimal g-equivariance holds by Lemma I1.17[ 
and as G is connected the global G-equivariance also holds. A simple computation also 
shows that differentiating the group action ^ one obtains [i. This proves the first part of 
the proposition. 

Now we check that ^ preserves the anchor maps. Fix (w, g) 6 f) XI G and a x G A x (the 
fiber of A over x G M). Applying the anchor to ((w,g),a x ) we obtain (5w(g), pa(o, x )), and 
applying the derivative of the action map GxM->M gives 

(5w) M (gx) + g ■ pa(cl x ), (24) 



25 



where {5w)m denotes the vector field on M induced by the infinitesimal action of 5w £ q 
on M, the dot denotes tangent lift of the action of G on M, and pa is the anchor of A. Now 

(5w) M = (p(5w))\ M = [Q,pw]\ M = Pa(pw), 

where the second equality (between vector fields on A[l]) holds because p respects differen- 
tials, or alternatively by Lemma [1,171 We saw that the G-action ip on A is by Lie algebroid 
automorphism, so in particular p A ■ A — > TM is G-equivariant and g ■ pA{ a x) = Pa{9 1 a x)- 
Hence (|24p is equal to pa(^((w, g),a x )), proving that ^ respects the anchor maps. 

Checking that ^ maps the bracket [•, -]e on the product Lie algebroid E := (f) x G) x A 
to the bracket [-,-]a on A is more involved. First we remark that E, as a vector bundle 
over G x M, is a Whitney sum of pullback vector bundles vr^(f) x G) © k^A, where ttq 
and 7Tm are the obvious projections of G x M onto G and M. We define the vector bundle 
automorphism 

ip: tt* m A vr^ , a {9>a; ) i-> ^(a^.x)) (25) 

over the base diffeomorphism (g,x) i— > (g,g~ 1 x) of G x M. It is actually a Lie algebroid 
automorphism, since each g € G acts by Lie algebroid automorphisms of A. Notice that 
any a £ T(A) can be pulled back to a section of ft^A C E (also denoted by a), and its 
image (p(a) under cp is given by 

(<?,*) = 5" 1 • <V (26) 

The section <p>{a) £ r(i?) is ^-projectable, and projects to a € T(A). Similarly, for any 
w € f), the constant section w € r(7rj!j(f) x G)) C E projects to p(w) 6 T(A). Sections of 
the form </?(a) and u> span the whole of E, hence, by |17[ Prop. 4.3.8], it suffices to consider 
such sections. We have 

^f[(p(ai),ip(a 2 )]E = V(<p[ai, a 2 ] A ) = [ai,a 2 ] A = [^ipa 1 ,^(pa 2 ] A 

where in the first equality we used that (p is a Lie algebroid automorphisms of n^A. We 
have 

^[wi,w 2 ]e = ^([w 1 ,w 2 }s) = p([wi,w 2 } 5 ) = [pw 1 ,pw 2 ] A = [^w 1 ,^w 2 ] A 

where in the third equality we used Lemma 11.171 
Next we show that 

[w, <p(a)] E = <p(\j*(w), o]a) for all a E T(A), wet), (27) 

as it will imply that 

V[<p(a),w] E = 9<p([a,n{w)] A ) = [a,p{w)] A = [V(p(a),Vw] A 
and thus conclude our proof. 

To show (|27p we choose, on an open set U of M, a local frame of sections a, of T(A). 
We have 

(W)( 9 ,x) = // (9,x)a J (x) (28) 
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for functions f- denned on G x U. Here we use the Einstein summation convention. By the 
Leibniz rule we can write the l.h.s. of eq. (I27p as 



([w,(p(ai)] E )(g, x ) = 5w{f t k (g,x))a k (x), (29) 

— > 

where 5w denotes the right-invariant vector field on G whose value at the identity is 5w. 

Notice that this lies in tt^jA C E. Further, using the identification T(A) = x_i(.A[l]), 
we have 

([fiw,ai] A )x =[[QA,^w],ai] x = \p,(Sw),ai] x = (C^sw^x = ^\aexp(-t8w) ■ (ai) exp ( tSw y x 

(30) 

^-^\o{<P<k)(eav(t8w),x) = -^\ofi(exp(t5w),x)aj(x). 



We deduce that 



(<p\p,(w),ai] A )(g,x) ^9 1 • (\jJ-(w),ai] A )gx 
goj d 



-^\ofi(exp(t5w),gx) ■ g- l aj{gx) 
=^r\ofi(exp(t5w),gx) ■ f!f(g,x)a k (x) 



dt 

ofi(exp(tSw)g,x)a k (x) 



d ■ tk, 



dt 

= ([w,(p(ai)] E )(g, x )- 

Here in the third last equality we used the "multiplicativity formula" 

fi(gh,x) = tf(g,hx)fi(h,x) (31) 

which can be checked writing out (pen) ( g h,x) by means of eq. (J26]). Hence eq. (12 7ft is proved 
and we are done. □ 

Remark A. 2. It can be checked that the Lie algebroid automorphism <p of ir^A in (j25]) can 
be extended to a Lie algebroid automorphism of E by asking that it maps the constant 
section w to w — (p(fj,w) € F(E) for all vu G f). 
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